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WARP DRIVE WITH ZERO EXPANSION 


JOSÉ NATÁRIO 


ABSTRACT. It is commonly believed that Alcubierre's warp drive works by 
contracting space in front of the warp bubble and expanding space behind it. 
We show that this contraction/expansion is but a marginal consequence of the 
choice made by Alcubierre, and explicitly construct a similar spacetime where 
no contraction/expansion occurs. Global and optical properties of warp drive 
spacetimes are also discussed. 


INTRODUCTION 


Alcubierre’s warp drive spacetime (|Alc94]) allows effective superluminal travel 
within General Relativity. As remarked by Alcubierre himself, it requires nega- 
tive energy densities, and there are reasons to believe that all spacetimes allowing 
superluminal travel must violate energy conditions ([vBrog, Igwodq). Another 
feature is the existence of horizons (ETOO), which has been argued on general 
grounds to be unavoidable ([Low99}). 

The traditional heuristic explanation of how the warp drive spacetime works is 
that space in front of a given region (the “warp bubble”) is contracted, whereas 
space behind the same region is expanded. In response, the warp bubble moves 
forwards with a speed determined by the contraction/expansion rate. 

We will show in this paper that this contraction/expansion is not necessary at 
all, and that in particular it is possible to construct a similar spacetime where no 
contraction/expansion occurs. Heuristically, one could best describe the warp drive 
spacetime as “sliding” the warp bubble region through space; space in front of the 
bubble may get contracted (and space behind it expanded), or not, depending on 
the details of the construction. 

The paper is divided in three sections. 

In the first section we define the warp drive spacetime generated by any (time- 
dependent) vector field X in Euclidean 3-space. This is a globally hyperbolic space- 
time foliated by Euclidean 3-spaces such that the integral lines of X represent time- 
like geodesics (corresponding to the so-called Eulerian observers). We show that 
such spacetimes always violate some energy condition, and compute the expan- 
sion of the Eulerian observers’ volume element to be V - X. Finally, we show how 
Alcubierre's warp drive can be obtained from a particular choice of X. 

In the second section, we explicitly construct a volume-preserving warp drive by 
selecting an appropriate divergenceless vector field X. 

In the third section, we take advantage of the formalism developed thus far 
to analyse some simple examples, and find them to possess horizons and infi- 
nite blueshifts. These results are similar to those obtained (some numerically) 
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in |CHL99|, but independent of the particular choice of warp drive, and perhaps 
easier to visualize. 


1. WARP DRIVE SPACETIMES 


Definition 1.1. A warp drive spacetime is a globally hyperbolic spacetime (M, g), 
where M = R^ with the usual Cartesian coordinates (t, x,y,z) = (t,x) and g is 
given by the line element] 


3 
ds? = —dt? + V "(da* — X*dt)? 
i=1 


for three unspecified bounded smooth functions (X?) = (X,Y, Z). 


Notice that the Riemannian metric h induced in the Cauchy surfaces {dt = 0} 
is just the ordinary Euclidean flat metric. A warp drive spacetime is completely 
defined by the vector field 


; Q o Ó Ó 
Ox? Ox T By” Oz? 


which we can think of as a (time-dependent) vector field defined in Euclidean 3- 
space. The future-pointing unit normal covector to the Cauchy surfaces is 
o o 


Ox? cage 


Ó ] 
a = -dt & n? = — ++ X’ 
n n ot^ 


Definition 1.2. The observers whose 4-velocity is n^ are said to be the Eulerian 
observers. 


Proposition 1.3. Eulerian observers are free-fall observers. 


Proof. Using the geodesic Lagrangian, 


3 
1 j2 „i ij? 
L=5 us ex^ ps 

it is a simple matter to write down the geodesic equations: 

d (OL OL d, OR s ƏXİ., » 

SESS pac cst exi +i ;!— Xi) — 0; 

= Cr) Ot 2 isa Ra s iU at 

d (OL OL d . - OXI. = 

— (—)-—=06 — (iż — Xii) +i (i — Xii) =0. 

dr (=) Oa US dr ( )* or (+ pes 
It is immediate to check that any curve satisfying t = 1,4! = Xt is a solution of 
these equations. L1 


Proposition 1.4. The extrinsic curvature tensor associated to the foliation of a 
warp drive spacetime by the Cauchy surfaces {dt = 0} is 


1 ; F ; : 
K= (a,x? + 8; X*) dr’ Q dx. 

1We shall use the notation and sign conventions in [Wals4}, except for the use the latin indices 

i, j, k as numerical indices running from 1 to 3 and referring either to the space coordinates (x, y, z) 


or to space components in an orthonormal frame including {#, s £z 
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Proof. As is well known, the extrinsic curvature tensor is given by 
1 1 
K= ginh = ge £x. 
Now 
i j 06; i j 
£ ə h= £ a djdx' & da? = ——da' & da? = 0. 
Ot Ot Ot 
On the other hand, since X is tangent to the Cauchy surfaces, we can use the usual 
formula for the Lie derivative of the metric, 
£xh = (8x; Di X* + bin Dj X) dz! & dz? = (DiX? + DjX’) dz! Q dz’, 


where D stands for the Levi-Civita connection determined by h. Since h is just the 
flat Euclidean metric, D — 0 and we get the formula above. L1 


Corollary 1.5. The expansion of the volume element associated with the Eulerian 
observers is 0 — V. X. 


Proof. We just have to notice that 
0— K} =0;X". 
m 


Corollary 1.6. A warp drive spacetime is flat wherever X is a Killing vector field 
for the Euclidean metric (irrespective of time dependence). In particular, a warp 
drive spacetime is flat wherever X is spatially constant. 


Proof. Since the Cauchy surfaces are flat, all curvature comes from the extrinsic 
curvature. Thus the spacetime will be flat wherever the extrinsic curvature is zero, 
i.e., wherever £xh = 0. L1 


Theorem 1.7. Non flat warp drive spacetimes violate either the weak or the strong 
energy condition. 


Proof. If the strong energy condition holds and 0 4 0 at some event, then 0 blows 
up in finite time (see [LL9]). Since V - X is finite, the strong energy condition 
can only hold if 0 = 0. However, it follows from Einstein's field equations that the 
energy density measured by Eulerian observers is (see [Wal84]) 
3 i2 m 2 ow 

a ( R+ (Ki? — KijK ) = z7 (P — KuK9) 

where 9) R = 0 is the scalar curvature of the flat Cauchy surfaces dt = 0. Thus if 
0 = 0 we have p < 0, and p = 0 iff Kj; = 0. Consequently if the spacetime does 
not violate neither the strong nor the weak energy conditions it must be flat. O 


p= Tayn*n* = 


Example 1.8. Alcubierre's warp drive (see |Alc94]) is obtained by choosing 


X= Vs f (rs); 
Y=Z=0 
with 
dx. (t) 
s(t) = ; 
vs(t) di 
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for a smooth function f : [0, +20) — [0, 1] approximating a step function equal to 1 
in a neighbourhood of the origin and equal to 0 in a neighbourhood of infinity, and 
an arbitrary function s(t). If we call the region f(rs;) = 1 the interior of the warp 
bubble and the region f(rs) = 0 the exterior of the warp bubble, we see that both 
these regions are flat; nevertheless, Eulerian observers inside the warp bubble move 
with arbitrary speed v, with respect to Eulerian observers outside the warp bubble. 
It is a simple matter to obtain the expansion of the volume element associated with 
the Eulerian observers and the energy density measured by Eulerian observers in 
this example: 


6 = A,X = vs f(r) E: 
Ts 
E (Bax — (3X? -2 lax “Ls 2: Í 
P= 16m v a ^v 94 
= l oj 2y° +27 
~ 324 s [f (rs)] 72 


It is convenient to replace the x coordinate with 


€=x2-2,(t). 


This effectively corresponds to replacing X with X — v,, so that the Eulerian 
observers inside the bubble stand still whereas the Eulerian observers outside the 
bubble move with speed v, in the negative €-direction. Obviously 0 and p retain 
their values, but now 


rs = (y! +2)? 


does not depend on the coordinate t. 


Definition 1.9. The vector field X is said to generate a warp bubble with velocity 
v(t) if X = 0 for small ||x|| (the interior of the warp bubble) and X = —vs(t) for 
large ||x|| (the ezterior of the warp bubble), where 


Ó o [?) 
+z 


ð 
AS pe he Us a: 


2. WARP DRIVE WITH ZERO EXPANSION 


We introduce spherical coordinates (r, 0, p) in the Euclidean 3-space with the x 
axis as the polar axis. Using the usual isomorphism R ~ A!IR? ~ A?R? provided 
by the Euclidean metric and the Hodge star, given in spherical coordinates by 


me 
eae ae dr ~ (rd0) ^ (r sin 0dy); 


.19 
BEC rd0 ~ (r sin @dy) ^ dr; 
EEE E mde) 
= pane DO r sin Ody ~ dr ^ (rd), 
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we have 
o ] 
— ~ dx = d(rcos0) = cos 6dr — r sin 0d0 ~ 
Ox 
~ r? sin0 cos 0d0 ^ dy + r sin? 6dr ^ dy = d (z^ sin 20de). 
Consequently if we set 
X ~ —v,(t)d [f (r)r? sin? Ody] ~ —2v, f cos be, + vs (2f + rf") sin beg 
with f(r) = 5 for large r and f(r) = 0 for small r, we are guaranteed to have a 
divergenceless field generating a warp bubble with velocity vst) &-. Interestingly, 
formulae for the extrinsic curvature tensor 
1 ; : 
Kj (8;X? + 8; X") 


in spherical coordinates are available, as this corresponds to the so-called rate-of- 
strain tensor of fluid mechanics (see for instance [Ach93)). If we set 


X = Xe, + X%ep + Xe, 


we have 
Kpr = ues = —2v, f’ cos 0 
Or 
oe. ae ; 
= —— = Us 0; 
Koo - 20 Us f cos 
1 OX* X"  X?cot0 
Koo = a = y, f! cost; 
?? ^ rsinÜ Oy T T Ua COREL 
1 o (xX 10X" T 
Kyo = — ae = Us x 0 / _ H ; 
ik =) + 12] dd Urs) 
E [t xe 1 AX") a 
Sp 2 Tu do | ^ 
1 s X? 1 Ox? 
Kop = = = um ae Essa! 
Tg E r 00 GS) -rema Oy | i 


yielding the energy density (as measured by Eulerian observers) 


1 ig v? T 2 
—K. KU 8 AV! 2 / [og ON 
K;K Bn E cos 6 (f ur ) sin o|. 


P= 16s 


Notice that 
0 = Krr + Koo + Kao =0, 


as it should. This gives some insight into the geometry of this spacetime: for 
example for cos@ > 0 (i.e., in front of the bubble), K,, < 0 where f’ > 0 (i.e., in 
the bubble’s wall), indicating a compression in the radial direction; this is however 
exactly balanced by Kog + Kpy = —Krr, corresponding to an expansion in the 
perpendicular direction. 
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3. NULL GEODESICS AND HORIZONS 


Besides violating energy conditions, warp drive spacetimes may have other patholo- 
gies, such as horizons and infinite blueshifts. To see evidence of this, let us consider 
the case of a vector field X generating a warp bubble with velocity ve satisfying 

OX d 
Ot 
Notice that 
J ð 0 
Ot’ Ot 
and hence such spacetime can only be stationary if |vs| < 1. 
Let us take v, > 1. Since null geodesics must satisfy 
3 
ds? = 0 = dt? =X (drê — X‘dt)? e | 


i=1 


>=-1+X? 


dx 
— -X| =1 
Tx] 


we see that a flash of light outside the warp bubble can be pictured in the Euclidean 
3-space as a spherical wavefront which is simultaneously expanding with speed 1 
and moving in the direction of X with speed ||X|| = vs. Thus it is clear that events 
inside the warp bubble cannot causally influence events outside the warp bubble at 
large positive values of x. Assuming cylindrical symmetry about the z-axis, there 


will be a point on the positive x-axis where ||X|| = 1; the cylindrically symmetric 
surface through this point whose angle a with X is given by 
: 1 
sina = —— 
IXI 


is a horizon, in the sense that events inside the warp bubble cannot causally influ- 
ence events on the other side of this surface (see figure fil). Notice that away from 
the warp bubble we have 


sina = — 
Us 


which is the familiar expression for the Mach cone angle. Notice also that the 
interior of the warp bubble is causally disconnected from part of the bubble’s wall, 
as is unavoidable (see |Low99]). 

Inside and outside the warp bubble, the warp drive spacetime is flat, and hence 
the null geodesics are straight lines. If we assume that the warp bubble's wall is 
very thin, to study light rays crossing it all we have to decide is how much these 
light rays are refracted. According to the Fermat principle of General Relativity 
(see [SEF93)). and since the proper time of an Eulerian observer inside the bubble 
is just t, we must minimize the t coordinate of the event at which the observer sees 
the light ray. If we choose the observer sitting at the centre of the bubble, light from 
every point in the bubble's wall will reach him simultaneously; thus this observer 
will see the first light ray emitted at a given event to reach the warp bubble's wall. 
If x(t) is the position of the light ray at time coordinate t, the unit vector 


is orthogonal to the wavefront (and in fact represents the direction of the corre- 
sponding light ray from the point of view of a Eulerian observer outside the warp 
bubble). The first light ray to reach the warp bubble will do so at a tangency 
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warp bubble 


warp 


/' interior of the X ec N J 
l bubble | B - 


horizon 


FIGURE 1. Computing the horizon. 


between the wavefront and the warp bubble. Therefore n must be orthogonal to 
the warp bubble, and will therefore coincide with the direction of the light ray in- 
side the warp bubble (see figure B. Incidentally, there will be no aberration: the 
observer in the centre of the bubble will see light coming from the same direction 
as seen by an Eulerian observer outside the bubble in the light ray's pathf] It is 
possible to show that this is the limit of the results obtained in as the 
thickness of bubble's wall tends to zero. If the thickness is finite, however, there 
will always be some aberration. 

In this approximation, it is also very easy to understand the origin of the horizon: 
it marks the boundary of the set of points accessible to light rays emerging from the 
warp bubble. Also, it is clear that the only some points which are visible from inside 
the warp bubble; they are delimited by a surface similar to the horizon, which we 
call the visibility horizon (see figure B). Notice that this observer will see nothing 
at all from directions beyond the direction of the visibility horizon. 

We now compute redshifts. Recall that the 4-velocity of Eulerian observers 


satisfies n, = —dt; consequently, the energy of a particle with 4-velocity 
o o 
U^ =i=— +i +ý +i 
8t ax "Oy Oz 
is just —n,U® = i. From the geodesic equations, we see that 
oX d . à 
—— =0=> —(-t—-X-(x-tX)) =0 
Ji ar | aoe) 


2This however is slightly misleading: it is not hard to show that the expression for the refraction 
angle r (measured by an Eulerian observer inside the bubble) in terms of the incidence angle i 
(measured by an Eulerian observer outside the bubble) at a point in the bubble's wall making an 
angle 0 with the x-axis is 

sin i 

1 + vs cos(i — 0) 
Thus by making vs large enough there will be light coming from arbitrary directions arbitrarily 
close to the centre of the bubble. 


sinr = 
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light ray H 


: 
dx | 
exterior of the dt / X 


warp bubble o /] AN 
Ka 


dt x 
/ interior of the ; 
| warp bubble ^ | 
| X-o | 
\ "^ refracted light ray / 


= 


FIGURE 2. Refraction at the warp bubble’s wall. 


and hence 


where E is the energy measured by the Eulerian observers and Eo is a constant 
(corresponding to the energy measured by Eulerian observers when X = 0, i.e., 
inside the bubble). Thus the Eulerian observer at the centre of the warp bubble 
will see a blueshift of 14- v, for light directly in front of him, decreasing to 1 for light 
coming at 90?, and to zero for light at the edge of the visibility horizon. Conversely, 
light emitted by the Eulerian observer at the centre of the warp bubble towards 
his back will suffer a redshift of 1 + vs; light rays emitted in directions approaching 
the horizon will become increasingly blueshifted, reaching infinite blueshift at the 
horizon. 
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FIGURE 3. Visibility horizon. 
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